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Exceptional points (EPs) have been widely studied in various non-Hermitian systems, exhibiting
and underlying many unique topological properties. In photonic systems, multiple degrees of freedom of
light enable the EPs with rich properties and high dimensional topology. In this Letter, we propose that the
external magnetic field can serve as an additional parameter dimension to manipulate EPs with tunable
evolutions and hidden topological structures in magneto-optical photonic crystal slabs. Continuous
evolution of EPs can be derived by changing the external magnetic field, where paired EPs gradually
approach each other as the Fermi arc shrinks, and eventually merge and annihilate. When considering the
parameter space including the magnetic field dimension, these EPs form a closed ring, revealing novel
topological structures. The discovered EP ring is further associated with more topological polarization
properties, including the closed ring in Poincaré sphere and the transferred topological charge between the
Fermi arc and the circularly polarized states in momentum space. Our Letter reveals complex topological
properties in magneto-optical photonic crystal slabs, providing a framework to explore non-Hermitian

topological systems with additional parameter dimensions.
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Degeneracies are fundamental in physical systems,
spanning fields from quantum mechanics to classical wave
dynamics. In non-Hermitian systems, degeneracies give
rise to a unique class of singularities known as exceptional
points (EPs) [1-6]. Unlike conventional Hermitian degen-
eracies, EPs are characterized by the coalescence of both
eigenvalues and eigenstates [7], exhibiting unique physical
properties. Especially, in photonic systems, EPs have
garnered significant attention across various platforms,
such as waveguides [8,9], microresonators [10-13], and
photonic crystal (PhC) slabs [14—18], due to their prom-
ising applications in areas like sensing [19-22], light
manipulation [23-25], and nonreciprocal optical devices
[26-28]. The topological structures and underlying proper-
ties of EPs form the basis for these phenomena, high-
lighting the critical importance of investigating more
intricate and diverse topological configurations.

In the research of topological physics, new degrees
of freedom or high-order topological configurations can
usually be found by introducing additional parameter
dimensions [22,29-33]. For EPs in traditional optical
systems, the modulation primarily focused on gain and
loss mechanisms. Further exploration of non-Hermitian

dimensions, such as wave vectors, frequency, and phases,
leading to the discovery of various EP-related topological
configurations, such as higher-order EPs [34,35] and EP
lines and rings [36,37]. These developments highlight the
critical role of exploring new parameter spaces in uncov-
ering richer non-Hermitian topological phenomena and
advancing the understanding of EPs in complex photonic
systems.

As periodic structures with open boundaries coupled to
free space, PhC slabs support photonic bands in momentum
space, where radiation losses are inevitable for leaky
optical modes [38]. This intrinsic non-Hermiticity enables
Hermitian degeneracies in photonic bands, such as
Dirac cones, to evolve into paired EPs or exceptional rings
[14—16]. Because of their radiative properties, these EPs in
PhC slabs exhibit unique far-field polarization character-
istics, closely linked to topological polarization configu-
rations in momentum space [15,16,39]. Beyond the
intrinsic degrees of freedom of photonic bands, magnetic
fields introduce an additional parametric dimension in the
study of topological photonics in magneto-optical (MO)
structures, facilitating the emergence of novel topological
states [40—43]. Subsequent studies have demonstrated that

degeneracies have involved additional parameter = magnetic fields can generate singular optical modes in MO
PhC slabs, further enriching their topological properties

when combined with the intrinsic momentum and polari-

“Contact author: jiajunwang @fudan.edu.cn zation characteristics of PhC slabs [44-47]. Recently,
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magnetic fields have been shown to effectively modulate
EPs in optical cavity systems, introducing a powerful new
dimension for controlling non-Hermitian dynamics [22].
By leveraging the intrinsic polarization and momentum
characteristics of PhC slabs, magnetic fields have the
potential to unlock unprecedented non-Hermitian phe-
nomena and realize novel topological configurations.
However, despite these promising prospects, the role
of magnetic field modulation in shaping EPs and the
associated topological features in MO PhC slabs remains
largely unexplored.

In this Letter, we investigate the magnetically induced
topological evolutions of EPs in MO PhC slabs. Starting
from paired EPs connected by a Fermi arc in momentum
space, we revealed the rich evolutions induced by the
magnetic field: as the magnetic field strength increases, the
EPs undergo polarization transitions while approaching
each other, eventually merging and annihilating with a
sufficiently strong magnetic field. This process is accom-
panied by the transfer of topological charges from the
Fermi arc to circularly polarized states (C points), repre-
senting a new mechanism for topological charge evolution
in momentum space. Moreover, by considering the mag-
netic field as an additional parameter dimension, we
discovered the formation of a closed EP ring, extending
the topological structure from the momentum space to a
higher-dimensional parameter space. Through the inves-
tigation of eigenvalue and polarization evolutions, we
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demonstrate that magnetic fields can serve as an effective
modulation dimension for exploring novel topological
configurations and polarization characteristics of non-
Hermitian degeneracies in PhC slabs.

We start from the Hermitian case for two-dimensional
(2D) PhCs, where the Dirac degeneracies can extensively
exist. Here, we take a 2D PhC with square lattice and
rectangular holes as an example, shown in the left panel of
Fig. 1(a). This structure can support Dirac points located
along high-symmetry lines, for example, along the k,
direction. The dispersion around Dirac points can be
expressed by a Hamiltonian model in the circular polari-
zation basis [15],

0 v 6k, — vk,
Hy = . '
vk, + v, 6k, 0

= v,6k,0, + v,6k,0,, (1)
where v, and v, are the two components of group
velocities, o; (i = x, y, z) is the Pauli matrix, and 6k =
(k. Ok,) is the wave vector deviates from the Dirac point.
This Hamiltonian model gives the linear dispersion around
the Dirac point, shown in the left panel of Fig. 1(a).
Different from the 2D PhC, for a PhC slab with finite
thickness ¢ [shown in the middle panel of Fig. 1(a)], the
optical modes typically become radiative if they are located
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(a) Left panel: schematic view of a two-dimensional (2D) PhC, which can support Dirac cones with linear dispersion. Middle

panel: for a PhC slab, the original Dirac point evolves into a pair of EPs connected by the bulk Fermi arc. Right panel: with an external
magnetic field to the MO PhC slab, the EPs form a closed ring with the magnetic field considered as an additional parameter space.
(b) Evolutions of EPs and polarization configurations in momentum space with enhancing external magnetic field. Left panel: without
the magnetic field, an EP is left-handed circularly polarized (LCP) and the other EP is right-handed circularly polarized (RCP), marked
by red and blue dots, respectively. Middle panel: with a weak magnetic field, the bulk Fermi arc shrinks and the EPs are no longer
circularly polarized (marked by gray dots), while the circularly polarized states remain and become the vortex centers. Right panel: with
a strong magnetic field, the Fermi arc vanishes and EPs do not exist. (¢c) The evolutions of EPs on the Poincaré sphere with different A.
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within the light cone. Considering the radiation losses of
modes, then the Hamiltonian becomes non-Hermitian and
takes the form of [15,16]

H =iy, +iyo, + v,6k,0, + v,0k,0,, (2)

where y, represents the average decay rate of the modes,
and y characterizes the difference between their decay rates.
That is, along the k, direction, the two orthogonal modes
have different decay rates y; = yo + y and y, = yo — 7. The
eigenvalues of the Hamiltonian become complex values
@ = E 41" (E and I" are real values). The previous Dirac
point in 2D PhC then evolves into a pair of EPs, where
the Hamiltonian only has one eigenvalue and eigenstate.
From the non-Hermitian Hamiltonian model, the positions
of the EPs are kgp = (0, +y/v,). The paired EPs are linked
by a line—the bulk Fermi arc, as shown in the middle panel
of Fig. 1(a).

When an external magnetic field is applied perpendicular
to the MO PhC slab, the coupling between modes acts as a
Zeeman splitting Ao, in the Hamiltonian model [48,49].
Here, A represents the coupling strength whose sign is
determined by the magnetic field direction and magnitude
is controlled by the magnetic field strength. Now, the
Hamiltonian model becomes

Hyio = iyg +iyo, + v,0k,0, + v,0ky0, + Ao, (3)

and the positions of EPs in momentum space are

e A2> . @

kEP - (0, :I:
Uy

Thus, with increasing |A| (enhancing the external magnetic
field), the two EPs become closer, and the length of the
Fermi arc shrinks. Eventually, the EPs will merge and
annihilate at |A| = y. Moreover, with A acts as an addi-
tional parameter dimension, there will be intriguing topo-
logical configurations of EPs. When we fix our attention at
ok, = 0 and take ok, and A as the parameter space, then the
paired EPs will form a ring, governed by

visks + A% =y~ (5)

This EP ring configuration is shown in the right panel
of Fig. 1(a).

For the PhC slab considered, polarization dimensions are
inherent in the photonic bands due to the existing far-field
radiations of these optical modes, giving rise to topological
polarization configurations in momentum space [15,16].
Without the magnetic field (A = 0), the eigenstates of EPs
are wgp = (1,0)T or (0,1)T, corresponding to circular
polarizations in this basis, marked by the red and blue
dots in the left panel of Fig. 1(b). Around the bulk Fermi

arc for both upper and lower bands, the azimuthal angles
of the polarization states wind by —z, corresponding to a
topological charge of —1/2. Here, the topological charge of
a polarization vortex is defined as [50]

q= %fdk - Vi, (k). (6)

where ¢(kj) is the azimuthal angle of the polarization
states’ major axis. While with a nonzero external magnetic
field, for the case A <y, the paired EPs are no longer
circularly polarized and marked by gray dots in the middle
panel of Fig. 1(b). Here, we focus on the case A > 0, while
discussions for A <0 are provided in Supplemental
Material [51]. For the previous positions the EPs located,
on the upper band there is a left-handed circularly polarized
(LCP) C point remaining (marked by a red dot), and on the
lower band there is a right-handed circularly polarized
(RCP) C point remaining (marked by blue dot). The
winding angle around the Fermi arc becomes zero, man-
ifesting that the Fermi arc does not carry any topological
charge. The —1/2 charge is transferred to the C points, as
shown in the middle panel of Fig. 1(b). When A becomes
larger than y, the EPs annihilate while the C points still
exist, and the topological charges are still carried by the C
points, as shown in the right panel of Fig. 1(b). For the case
A < 0, the bands will have similar evolution behavior,
while the C points have opposite k, coordinate and opposite
handedness compared to those of A > 0. Details are in
Supplemental Material [51].

Besides the eigen energy evolutions, with the introduced
magnetic dimension, we find the eigen polarizations of
EPs will also evolve with the applied magnetic field. In
Fig. 1(c), we show the evolution of the EPs’ polarizations
on the Poincaré sphere with different A. With gradual
increasing |A|, the two EPs transition from the poles of
the Poincaré sphere (circular polarizations) to the equator
(linear polarization), where they merge and annihilate at a
point denoted by a star on the sphere. Different values
of A drive the EPs’ polarization states to form a closed
loop on the Poincaré sphere, revealing hidden polariza-
tion properties.

To provide a clear example and deepen the understanding
of the magnetic modulation of non-Hermitian degeneracies
in PhC slabs, we focus on the detailed band structures
around the EPs in a specific MO PhC slab. Here, the lattice
constant a is set to be 840 nm, the thickness of the slab ¢ is
240 nm, and the length (/;) and width (/,) of the rectangular
hole are 400 and 100 nm, respectively. The permittivity
tensor in the presence of the magnetic field is [52,55]

e 10 0
e.=|-i6 ¢ 0], (7)
0 0 ¢

046203-3



PHYSICAL REVIEW LETTERS 135, 046203 (2025)

(@1.20 ————— (b) 1

Band degeneracy

(eV)
>
E-Eo (meV)
o

r—X
1.16 . -1 .
0 0.06 0.12 -0.12 0 0.12
k. (um) 5
(c) 5=0 5=0.06

-0.011 Al

(meV) ]
Ho.z
0
i AT

0.06 007 0.08
K, (um)

K, (um)

FIG. 2. (a) The dispersion of modes along the k, direction. The
dashed box denotes the band degeneracy of concern. (b) The real
part of the energy of modes with different values of ¢, i.e.,
different strengths of external magnetic field. The mean value of
the real part of the energy is subtracted. (c) The real part of the
energy of modes in the momentum space with § = 0 (left panel)
and 6 =0.06 (right panel). Red and blue dots denote the
circularly polarized EPs and the black line denotes the bulk
Fermi arc. (d) The difference of the imaginary part of energy
between two bands in the momentum space with 6 =0 (left
panel) and 6 = 0.06 (right panel).

where ¢ is the permittivity of the material without
magnetization, and it is set to be 4 in our calculation.
The off-diagonal term ¢ is the MO parameter, which can be
controlled by the external magnetic field strength. In this
PhC slab, a band degeneracy can be found along the k,
direction with § = 0 at k, = 0.071 pm~!, where Fig. 2(a)
shows the real part (E) of the modes’ eigenvalues.

Figure 2(b) is focusing on the evolution of the real parts
of modes’ energies at k, = 0.071 um~!. The mean value of
the real part of the energy is subtracted for better visuali-
zation. When the magnetic field is applied, the real part
of modes still degenerate with a small J, corresponding
to the case A < y. With a sufficient strong magnetic field
(6 > 0.024), A becomes larger than y and the degeneracy is
lifted. For an external magnetic field of opposite direction,

i.e., negative 8, the phenomenon is similar to the case of
positive o.

For further illustrating the impact of the magnetic field
on modes’ eigenvalues, we examine the band structures in
momentum space for two specific cases: 6 = 0 and 0.06.
With 6 = 0, the real part of modes is degenerate along a
line, i.e., the bulk Fermi arc, as shown in the left panel of
Fig. 2(c). Besides, the left panel of Fig. 2(d) exhibits the
difference of the imaginary parts of modes’ energies (AI).
At the paired EPs, which are marked by red and blue dots,
both the real part and imaginary part of eigenvalues of
modes coalesce. While with 6§ = 0.06, real parts of two
bands are separate, and EPs do not exist. For other values of
0, the detailed evolution of band structures are provided in
Supplemental Material [51], showing the shrinking of bulk
Fermi arc and merging of EPs.

To exhibit the EPs’ evolution in the additional magnetic
dimension, we then show the band structures in the k, — 6
space. In our calculation, the k, is selected near the EPs as
an approximate position to the Fermi arc. Here, Fig. 3(a)
depicts the real part of the eigenvalues E for two bands,
where the evolution of EPs is denoted as a continuous
black curve in the k, — & plane. And Fig. 3(b) shows the
corresponding imaginary parts I". The simulated eigenval-
ues directly demonstrate the closed EP ring in the parameter
space with the consideration of magnetic field dimension.
This new topological configuration makes the MO PhC
slab a promising platform for high-sensitivity magneto-
optical detection in integrated photonic systems.

Figure 4 shows the evolution of modes’ polarization
distribution in momentum space as ¢ increases. The degree
of circular polarization of a mode (S3/S) is represented by
the background color. Without the external magnetic field,
one EP is LCP and the other is RCP. When encircling the
Fermi arc, the polarization states wind by —z on both
bands, corresponding to a topological charge of —1/2.
Then, with 6 = 0.020, for this case A is smaller than y. The
EPs still exist, while their polarization states are not
circularly polarized. On the upper band, an LCP C point
remains, and on the lower band, an RCP C point remains.
These C points are characterized by the degree of circular
polarization approaching +1. As ¢ increases, the Fermi arc
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FIG. 3. Calculated results for the EP ring in the k, — & space.
(a),(b) The real (imaginary) parts of the two bands’ eigenvalues.
The EP ring is denoted by the black curve.
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FIG. 4. (a) Evolutions of the polarization distribution in the
momentum space with different values of 6. The red and blue dots
represent the circularly polarized EPs or C points. The gray dots
represent the EPs with nonzero magnetic fields. (b) The polari-
zation states on a closed line around the EPs. The polarization
states are represented by the Stokes parameters, projected on the
Poincaré sphere.

shrinks and the two EPs eventually merge and then
annihilate at 6 = 0.024. With increasing 6, for the upper
(lower) band, there will be an enlarged area with a high
degree of left-(right-)handed circular polarization. With the
nonzero 6§, the Fermi arc does not carry any topological
charge, and the —1/2 charge is transferred to the C point.

The polarization properties around the Fermi arc can be
directly represented on the Poincaré sphere; Fig. 4(b) shows
the polarization states along closed loops encircling the
EPs. The chosen loops are marked by L;, L,, and L3 in
Fig. 4. On L, the polarization states encircle the S axis for
one circle, demonstrating that their azimuthal angles wind
by —z. In contrast, for L, and L3, they do not enclose the S
axis, indicating that the Fermi arc carries no topological
charge. The gray arrows on the Poincaré sphere show the
evolution of the EPs, which evolve from circularly polar-
ized to linearly polarized as the § increases.

To conclude, we have investigated the magnetic modu-
lation of non-Hermitian degeneracies in MO PhC slabs.

Through systematic investigation of eigenvalue and polari-
zation evolutions, we revealed how magnetic fields drive
the continuous transformation of EPs: the paired EPs
gradually approach each other as the Fermi arc shrinks,
eventually merging and annihilating at a critical field
strength. In the magnetic field parameter space, these
EPs form a closed ring, extending the topological structure
beyond momentum space. Furthermore, we uncovered the
topological charges originally carried by the Fermi arc are
transferred to C points under magnetic modulation in the
momentum space. These findings not only reveal novel
topological configurations and polarization evolution
behaviors of non-Hermitian degeneracies under magnetic
control but also establish MO photonic devices as a
promising platform for exploring and utilizing non-
Hermitian topology.
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